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A Landau model is used to study the phase behavior of the surface layer for magnetic and cholesteric
liquid-crystal systems that are at or near a Lifshitz point marking the boundary between modulated and
homogeneous bulk phases. The model incorporates surface and bulk fields and includes a term in the free
energy proportional to the square of the second derivative of the order parameter in addition to the usual term
involving the square of the first derivative. In the limit of vanishing bulk field, three distinct types of surface
ordering are possible: a wetting layer, a nonwet layer having a small deviation from bulk order, and a different
nonwet layer with a large deviation from bulk order that decays nonmonotonically as the distance from the wall
increases. In particular, the large deviation nonwet layer is a feature of systems at the Lifshitz point and also
those systems having only homogeneous bulk phases.
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[. INTRODUCTION amphiphilic systems, diblock copolymers, and many others.
In many cases, the modulated phase is driven by a gradient-

The interaction of a bulk system with a wall may give rise squared term with negative coefficient in the Landau free
to a large variety of surface phenomena, associated with thenergy. The system is then stabilized by terms quadratic in
thermodynamic behavior of the surface layer adjacent to théhe second derivative. Studies of surface phenomena in such
wall. For example, in ferromagnetic systems, when the intersystems suggest that surface phase diagrams are rather rich,
action with the wall is such that it enhances local order, itexhibiting novel surface statd8] and complicated surface
may happen that a surface transition takes place at temperstructures[4—6]. However, the possible global phase dia-
tures above the critical temperature of the bulk. In such arams of these systems have not been fully explored.
transition, the layers close to the wall become ordered al- Systems exhibiting a Lifshitz point may be considered as
though the bulk remains disordered. Depending on the naturietermediate between ferromagnetic and modulgfedd]. In
of the interactions within the bulk and the interactions be-the Landau free energy of such systems, the coefficient of the
tween the bulk and the wall, the system may exhibit phenomgradient-squared term vanishes, making the quadratic term in
ena such as wetting, critical wetting, prewetting, and othethe second derivatives the leading-order interaction term.
surface phase transitions. These phenomena have been ext&uface phase diagrams of these systems have not been ex-
sively studied both theoretically and experimentally in recenplored so far and it would be of interest to study them in
years(for a review, se¢l]). some detail.

A study of the global phase diagram for surface critical In this paper, we study the surface states and the surface
phenomena in ferromagnetic and other homogeneously ophase diagram corresponding to a model of a Lifshitz point
dered systems has been carried out by Nakanishi and Fishesthin the Landau approach. The phase diagram is studied in
[2]. In this study, a Landau phenomenological approach hathe space of temperature, bulk, and surface fields. It is found
been applied and the phase diagram has been analyzed in timat unlike the ferromagnetic case, these systems do not ex-
space of temperature, surface enhanced interactions, amhibit a wet phase in which the thickness of the surface layer
bulk and surface ordering fields. For example, it has beewliverges. It rather exhibits a transition from one surface state
found that for finite positive surface field and no surfaceto another, as the temperature is varied, whsyth surface
enhanced interactions, and in the limit of a vanishingly smalktates have a finite thickness.
negative bulk field, the system exhibits a wetting transition We also consider the surface phase diagram of a ferro-
as the temperature is varied below the bulk ordering temmagnetic system, which is characterized by higher-order in-
perature. At low temperatures, the surface field induces geraction terms. Specifically, we consider a Landau free en-
local order in a layer of finite thickne$siear the wall. How-  ergy which includes terms quadratic in the gradient and in
ever, at temperatures just below the bulk ordering temperahe second derivatives of the order parameter, both with
ture, the thickness of the surface layer is infinite, yielding apositive coefficient. As is well known, the quadratic term in
“wet” state. The two regimes are separated by a first-ordeithe second derivatives does not affect the bulk phase diagram
transition in which the thickness of the layer undergoes as long as the sign of its coefficient is positive. However, we
discontinuous jump. This is known as the wetting transitionfind, rather surprisingly, that although this term does not in-

More recently, surface phenomenanrodulated systems troduce any competing with the gradient-squared term, it af-
have been considered. These systems are characterized bjeats the surface diagram in a profound way. In particular,
periodic spatial variation of the order parameter in the bulkwe find that in addition to the usual wet and nonwet states
Examples are magnetic spirals, cholesteric liquid crystalsthat exist in the model of Nakanishi and Fisher, the model
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exhibits a second nonwet state with a distinct structure of the
order parameter near the surface. Numerical studies yield the
global phase diagram of the model.

The paper is organized as follows. In Sec. Il, we review h
the model of Nakanishi and Fisher, and present analytic ex-
pressions for the location of the wetting and the critical WT oC
prewetting points. Results of a numerical study of the surface
phase diagram corresponding to the model with a Lifshitz
point are presented in Sec. lll. The surface states and the
surface phase diagram of the generalized ferromagnetic
model are discussed in Sec. IV. Finally, a short summary is CP
given in Sec. V.

Il. FERROMAGNETIC MODEL

In this section, we consider the surface phase diagram of r
a ferromagnetic system in the space of temperature and bulk ) ) o
and surface ordering fields. The phase diagram exhibits wet- /G- 1. A schematic (,h) phase diagram of the Nakanishi-
ting, prewetting, and critical prewetting transitions. The I_an_Flsher model forhg>0. The horizontal line represents the bulk

dau phenomenological model of Nakanishi and Fisher is re(_:oexistence line, which terminates at an ordinary critical p@int

. . . . The curved line at negative bulk fields is the prewetting transition
viewed, and analytic expressions for the wetting and th(?ine on which the two types of surface solutions coexist. This line

critical preyvetting _poin_ts a_re given. In this model, the fe.rro'intersects théh=0 axis at the wetting pointVT, which separates
magnetic Interaptlon IS _s!mply mtrqduced by a gradlen’F-the dry phase existing at large negativgknown as the prewet
squared term with a p03|t|\{e coeff|C|ent.. Extgnsmns of th'sphase PW)] from the wet phaseW), which exists close to the
model to other ferromagnetic systems with higher-order ferjica) point. The prewetting transition line terminates at the critical
romagnetic interactions and to systems exhibiting Lifshitzprewetting point CP, where the two surface solutions become iden-
points will be discussed in the following sections. tical. The widthl of the surface layer of the wet and the prewet
Let ¢(x) be the scalar order parameter that corresponds tghases is finite for nonvanishing bulk field. Howevedjverges in
the ferromagnetic order. The wall is taken to be in Y32  the limith—0~ in the wet phase.
plane, and the order parameter is assumed to depend only on
the coordinatex perpendicular to the wall. The Landau free ergy (1) and obtain analytic expressions for the wettivg’
energy is given by and the critical prewettin@ P points.
) The Euler-Lagrange equation corresponding to the free
Fo [ g brgte bott 16 -hg,, @ CTEDD S
¢"+h—rp—¢3=0 @)
where ¢s= ¢(0) denotes the value of the order parameter at .
the wall and¢’ =d@/dx. The system is assumed to be of With the boundary condition at=0,
length L in the x direction. In calculating the surface free ,
energy, we will take the limitL—o. We have scaled the he=—¢s. &)
order parameter, the energy, and the unit of length to sim- ) , i ,
plify the coefficients, and so the bulk fiekd the temperature We are interested in calcu_latlng the_order—paramete_r_proflle
r, and the surface fieltl, are rescaled variables. and free. energy for negative bulk field<O and positive
The (r,h) phase diagram of this model for nonvanishing surface fieldhg>0. We thus expect that for large the order
surface fielchs>0 is given schematically in Fig. [2]. The Parameter approaches the bulk valuebg, where >0
order parameter away from the wall is not affected by the>atisfies
surface field. For a negative bulk field<0, it approaches a
negative value characteristic of the bulk. On the other hand,
the surface field enhances the order within a layer of thick- .= . L . .
nessl. The thickness of this layer undergoes a discontinuoué’lumply'ng Eq. (2) by ¢', this equation may be integrated
change along the prewetting transition line in the figure. For® Yi€ld
h=0, this becomes the first-order wetting transitiof' T). L o1 .
The line ends at some critical poinCP) known as the 21d°+z¢"°—ho—3(¢")°=C, 5
critical prewetting point. The low-temperature surface state,
existing to the left of the line, is the prewet stafeW). Itis ~ WhereC is a constant. This constant may be evaluated by
characterized by a surface layer with a finite width. The statéoting that at largex, the order parameter asymptotically
to the right of the line is the wet statd\f), in which the  approaches-¢g. Thus
width of the surface layer diverges in the limit of vanishing
bulk field. In the following, we analyze the Landau free en- C=1ir¢i+:da+hog. (6)

h+r¢g+ ¢p5=0. (4
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Using this result, the first integral of the Euler equati@ @)
becomes

d 1 h
=~ 1o+ bl \/§<¢—¢B>2—¢—

B

()

where the— sign on the right-hand side is taken since for the - .
choice of the bulk and surface fields in this problem the order
parameter is expected to decrease with

In order to locate the wetting poif/ T, we take the limit N
h—0~ in Eq. (7),

e - ®)
dX_ \/Eqs ¢B'

In order to evaluate the surface free enefgy associated
with the local surface order, we note that the free-energy
density of the bulk state is given bg. ThusF;=F—CL.
Using Eqgs.(1), (4), and(6), one obtains

L
Fs=F-CL= fo dx(¢")?—hses ©)

or

-¢8  do¢
Fs= f¢s d‘ba —hsos. (10

We proceed by evaluating the order-parameter profile ob- £ 5 schematic order-parameter profiles for0 and hg
tained from Eq/(8). Two distinct types of profiles are found: - ¢ (5 at large negative and(b) close to the bulk critical line. In

¢1(x) for negative and large and ¢,(x) for negative and  the jimit h— 0, the width of the surface layer of solutiof)
smallr, close to the bulk critical point. These profiles are giverges, leading to a wet state.

schematically given in Fig. 2. For large the surface field

does not affect the local surface order in a substantial way 1

and thus the surface order parametgy remains close to the hs=—(¢§z— ¢§)_ (14)
bulk value, satisfying— ¢g< 1< ¢g. Integrating Eq.(8), \/E

one finds the surface free energy for this type of solution, ) N )
At the wetting transition, the two types of solutions have the

J2 s 3 same free energy. To find the transition point, we dejipe
Fa=73(ds+ ds1), (1Y) =gy /dg, Y,= b/ Pg. At the coexistence point, one has
3,,3_
where the surface order parameigy; , is determined by the yityz=2. (19
boundary equation In addition, the boundary condition equatiofi€) and (14)

impose the following relation betweagn andy.,:

1
hszﬁ(qbé_ 4551) (12 y%—i—yg:Z. (16)

On the other hand, for smailthe local order is highly sus- ' SOIve ngs(15) and(16), we use th2e SUbSt'tgt'OW’zi:_l
ceptible to the local ordering field and one obtains an order U a@ndyz=1+u, where u=hey2/¢5. Equation(15) is
parameter profilep,(x) that at the surface is considerably then readily solved, yielding®= 12— 3. The wetting tran-
different from the bulk value, satisfyings,> ¢g . Integrat-  Sition thus takes place at

ing Eq. (8) for this solution, one obtains the surface free ;

energy, he=— ﬁ \/1—2—3. (17)
N
_ 3_V% .3
FS2_‘/§¢B 3 P52 (13 To locate the critical prewettin@ P point, we consider
the boundary equatiof8). Combining it with the expression
with the surface order parameter satisfying for the order-parameter derivativ@), it may be written as
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G(¢s) =i+ 2r ¢~ Ahds+(pg— 2N —2h7) =0. ol T T T T
(18
0.02 -
This equation determines the surface order paranyetdor PS
givenr, h, andhg. At the critical prewetting point, the two 0 o
solutions of this equation, which correspond to the two co-
existing states on the prewetting line, become identical. The  h %027
conditions for this to take place afs/dps=3>G/Ip2=0. o4 \
These equations together with E@L8) yield the critical SC
prewetting point —0.06 [
r=— \/ghs, -0.08 -
he — 2(2) 432, (19 L% % ok e 6 ar od

Itis of interest to explore the general validity of this glo- g1, 3. The ¢,h) phase diagram corresponding to the Lifshitz
bal phase diagram by considering Landau free energies Withoint model forh,=0.1. The phase diagram displays two nonwet

different nonlinear terms. To this end, we studied the phasgiates: a prewet stat®(V) and a state with surface enhanced order
diagram of a Landau model with piecewise parabolic potents) The two phases are separated by a first-order line. This line

tial, intersects théa=0 axis at the poinPS. It terminates for finiteh at

L a surface critical poin§C.
Fo | dd-ng+f(@)+ 1@ -hits, @0
We have integrated numerically E@®5) with the bound-

where ary conditions(26) for v =0, corresponding to the case of a
L ) Lifshitz point. We find that, unlike the ferromagnetic case,
o [z a“(¢—¢o)°, ¢=0 20 the model doesiot exhibit a wet phase. Rather it exhibits
- two distinct phasefa prewet state and a statéS) with
%a2(¢+ 4)0)2' ¢<0 p b p F\UVV) é )

surface enhanced orddvoth characterized by surface states

and the parametessand ¢, are dependent on The analy- with a finite width. Here, in analogy with the phase diagram
sis presented above for the Nakanishi-Fisher model may bef the Nakanishi-Fisher model, we keep referring to the low-
extended to study the phase diagram of the Landau free etemperature state as the prewet phase, although the phase
ergy (20). It is found that the (,h) phase diagram of the two diagram does not exhibit a wet state at all. The resulting
models exhibits the same qualitative features. The wettingr,h) phase diagram fong=0.1 is given in Fig. 3. The dia-
transition takes place at gram displays a first-order transition line separating the two
he=1lag 22) surface phaseBW and S The line terminates at a surface
s 29%0 critical point SC. This line intersects théd=0 axis at the
while the critical prewetting point is found to be located at point PS.
Representative order-parameter profiles in the two nonwet
hs=2a¢y, phases are given in Fig. 4 for small bulk fietd At low
(23 temperaturesr<—1), the surface field introduces only a

h = - a2¢0 .
Ill. LIFSHITZ POINT MODEL !
In this section, we study the surface phase diagram corre-
sponding to a model of a Lifshitz point in the presence of a 05 | S
surface ordering field. We consider the Landau free energy
L
F:—h5¢>s+f dx[—ho+ 3r¢p?+ : ¢* ¢ of
0
+30(¢")%+ 3 (¢")7] (24) o5 |
PW
with v =0. This model forv>0 will be considered in the
next section. The Euler-Lagrange equation corresponding to
this free energy is o 2 4 6 8 10
X
¢""—ve"—h+rp+¢*=0 (25) o
FIG. 4. Characteristic profiles of the order parameter of the two
with the boundary equations at nonwet state®W and S The profiles are given at a point on the
, " . coexistence line of the two states, close to the pBiStof Fig. 3,
—vst ¢ —hs=0, ¢=0. (26)  whereh—0~, r=—0.52008,h,=0.1, anch=—10"°.
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FIG. 5. The ¢,hy) phase diagram of the extended ferromagnetic ~ F!G- 6. Characteristic profiles of the order parameter at a point
model in the limith—0". It displays three distinct states: a wet 2long thePW-S coexistence line foh—0" . The profiles are given
state(W) and two nonwet statesPW andS). The stateSis char-  1or F=—0.2,h;=0.099 67, anth=—10"*°. Itis evident that while
acterized by surface enhanced ordsee Fig. 6. The phases are in the S state the surface order is highly susceptible to the surface
separated by three first-order lines, which intersect at a triple poin€!d. the surface order in theW state is affected only mildly by
TP. The bulk critical point is denoted bg. this field.

weak local order near the surface, and the order parameter V- SUMMARY

decays monotonically to its bulk value as one moves away Using a general Landau model, we have studied the sur-
from the wall. This is very similar to the low-temperature f5ce phase diagrams that result from the effect of a wall

phase of the ferromagnetic case. However, at higher temys, ning a semi-infinite sample that exhibits homogeneous
peratures, just below the bulk critical point, the order param;

eter becomes highly susceptible to the local surface field, thBUIk phases. The model is applicable to a wide variety of

surface order parameter is much larger than the bulk Va|uéystems including magnetic materials and cholesteric liquid

and it decays in a nonmonotonic way to the bulk value away'ystals. o o
from the wall. The width of the surface layer remains finite ~ Choosing coefficients to simplify the model to the ferro-
even in the limith—0~. This is in sharp contrast to the Magnetic model studied by Nakanishi and Fisher, we ob-

ferromagnetic case, in which the width diverges in this limit, {ined analytic expressions for the temperature and bulk field
leading to a wet state. co-ordinates of the wetting transition point and the critical
prewetting point as functions of the surface field. We also
demonstrated that the general surface phase diagram is not
IV. EXTENDED FERROMAGNETIC MODEL highly sensitive to the precise form of the nonlinear terms.

In this section, we consider the extended ferromagnetic 04
model(24) with v =1. We restrict this study to negative bulk
fields in the limith— 0~ and evaluate ther(hg) phase dia-
gram. o2 |

For small surface fields, the model is found to yield sur-
face phenomena similar to the model of Nakanishi and
Fisher. It exhibits a wet phaggV) at temperatures below the o
bulk critical point and a prewet stat®{V) at low tempera-
tures. The two states are separated by a first-order wetting
transition.

However, the phase diagram becomes rather different for
large hg. Here, in addition to the wet state existing at high
temperatures, one finda/o distinct surface phases at lower
temperatures: a phase with a surface enhanced ¢®lend 49 20 20 60
a prewet phaseRW). The two phases are separated from X
each other by a first-order transition. The resultimgh() FIG. 7. Characteristic profiles of the order parameter at a point
phase diagram is given in Fig. 5. We also display some chaizjong the PW-w coexistence line fohm—0~. The profiles are
acteristic order-parameter profiles of the three phases. Figuiiven for r = —0.05, h,=0.024 33, anch=—10"%°. Note that in
6 gives the profiles at a point on tif&/N-S coexistence line, this figure the flat part of th&V state has been truncated, as the
while the profiles at a point on theW-W line are given in  width of the surface layer of this state diverges in the limit of
Fig. 7. vanishing bulk field.

\ &PW
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In contrast, we found that a system at the Lifshitz point isviated nonwet layer. Unfortunately, we are not aware of any
similar to the case of modulated bulk phases where a wettingxperimental observations of such a transition so far. This is,
layer does not form. Instead, a nonwet surface state formsowever, not surprising because it is a subtle change that has
that decays nonmonotonically. The wetting transition is renot been expressly looked for.
placed by a transition between the two types of nonwet states
and the critical prewetting point becomes a surface critical
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